ABSTRACT. The paper mainly considers the center of two-parameter quantum groups Ur,s(so 2n+1 ) via an analogue of the Harish-Chandra homomorphism. In the case when n is odd, the Harish-Chandra homomorphism is not injective in general. When n is even, the Harish-Chandra homomorphism is injective and the center of two-parameter quantum groups Ur,s(so 2n+1 ) is described, up to isomorphism.
Introduction
From down-up algebras approach ( [BW1] ), ) recovered Takeuchi's definition of two-parameter quantum groups of type A. Since then, a systematic study of the two-parameter quantum groups has been going on, see, for instance, ([BW2] , [BW3] ) for type A; ([BGH1] , [BGH2] ) for types B, C, D; [HS] , [BH] for types G 2 , E 6 , E 7 , E 8 . For a unified definition, see ([HP1] , [HP2] ). In this paper we determine the center of the two-parameter quantum groups of type B n when n is even.
Additional central elements arise when n is even. As for type B n , we will show that ξ is an injective map only when n is even.
The paper is organized as follows. In section 2, the definition of two-parameter quantum group U r,s (so 2n+1 ) and some related properties are given. In section 3, we introduce a Harish-Chandra homomorphism ξ, and prove that ξ is injective when n is even. In section 4, we determine the center of two-parameter quantum groups U r,s (so 2n+1 ) in the sense of isomorphisms when n is even.
2. U r,s (so 2n+1 ) and related properties 2.1. Definition of U r,s (so 2n+1 ). The definition of two-parameters quantum groups of type B was given in [BGH1] . Here K = Q(r, s) is a subfield of C with r, s ∈ C, r 2 +s 2 = 1, r = s. Φ is the root system of so 2n+1 with Π a base of simple roots, which is a finite subset of a Euclidean space E = R n with an inner product (, ). Let ε 1 , · · · , ε n denote a normal orthogonal basis of E, then Π = {α i = ε i − ε i+1 , 1 ≤ i ≤ n − 1, α n = ε n }, Φ = {±ε i ± ε j , 1 ≤ i < j ≤ n; ±ε j , 1 ≤ j ≤ n}. Denote r i = r (αi,αi) , s i = s (αi,αi) .
DEFINITION 2.1. Let U = U r,s (so 2n+1 ) be the associative algebra over K generated by e i , f i , ω 
(B3) For 1 ≤ i ≤ n, 1 ≤ j < n, there are the following identities:
(B4) For 1 ≤ i, j ≤ n, there are the following identities: 
The Hopf algebra structure on U r,s (so 2n+1 ) with the comultiplication, the counit and the antipode as follows
Z̟ i be the weight lattice of so 2n+1 , where ̟ i are the fundamental weights. Let
Zα i denote the root lattice and set
, and U + (resp. U − ) is the subalgebra generated by e i (resp. f i ).
Let B (resp. B ′ ) denote the Hopf subalgebra of U generated by e j , ω
PROPOSITION 2.1. [BGH1] There exists a unique skew-dual pairing , :
K of the Hopf subalgebras B and B ′ such that
and all other pairs of generators are 0. Moreover, we have
Corresponding to any λ ∈ Q is an algebra homomorphism 
Let W be the Weyl group of the root system Φ, and σ i ∈ W the reflection associated
and the weights of V are preserved under the simple reflection taking α to −α.
This form is also called the Rosso form of the two-parameter quantum group U r,s (g).
It is easy to see that the conclusion is obvious for case i < n.
By comparing the exponent of r, s, we get that
By comparing the exponent of r, s, we have
Proof: We only have to prove that
. By definition of the Rosso form,
Q, ρ is a half sum of positive roots. Because of u, v U = 0, we have
This identity also can reformulate as
Harish-Chandra homomorphism
We suppose r k s l = 1 if and only if k = l = 0 from now on. Denote by Z(U ) the center of U r,s (so 2n+1 ). It is easy to see that Z(U ) ⊂ U 0 . We also define an algebra
where π :
which is the kernel of π. As both π and γ −ρ are algebra homomorphism, ξ is an algebra homomorphism. Assume that z ∈ Z(U ) and ξ(z) = 0.
, we have z 0 = 0. Fix any z ν = 0 minimal with the property that ν ∈ Q + \0. Also choose bases {y k } and {x l } for U −ν (n − ) and
Note that e i y k − y k e i ∈ U −(ν−αi) (η − )U 0 , and only
Therefore, we have
By the triangular decomposition of U and the fact that {x l } is a basis of U +ν (n + ), we 
Hence m generates a proper submodule of L(λ), which is contradict with the irreducibility of
We can claim: when n is even, ̺ λ (t k,l ) = 0, ∀λ, then t k,l = 0. This claim also amounts to
which is also equivalent to
This can be proved by induction.
The image of Z(U ) under the Harish-Chandra homomorphism ξ
Define an algebra homomorphism ̺ 0,λ :
LEMMA 4.1. Let u = ω ′ η ω φ , η, φ ∈ Q for arbitrary two-parameter quantum group of type B n . If ̺ λ,µ (u) = 1 for all λ, µ ∈ Λ, then u = 1.
This completes the proof.
for arbitrary two-parameter quantum group of type B n , where u ∈ U 0 ♭ , σ ∈ W and λ, µ ∈ Λ.
Proof: We only need to prove this theorem for u = ω
This can be checked for each σ i and
Let us define
LEMMA 4.4. As for two-parameters quantum groups of type
By Lemma 4.1, both sides of identity (4.1) are linear combinations of different characters
Comparing the index of both sides, it is not difficult to reach the conclusion
Now let us prove that (4.7) is true for arbitrary λ ∈ Λ. If (λ, α
, we can get the required formula. Since the Weyl group is generated by σ i 's, so
for all λ, µ ∈ Λ, σ ∈ W . By Lemma 4.4, the proof is complete.
ξ is an algebra isomorphism for
For the same reason, ω
It is easy to check that u satisfies identity (5.1).
Define a U -module structure on
By the non-degeneracy of , U , β is injective.
Proof: From the non-degeneracy of , U , it is easy to see that the existence of u is unique. Suppose m ∈ M λ ,
M is finite dimensional, there exists a finite set Ω such that
Suppose M is a module in the category O, and define a linear transformation Θ :
Proof: We only need to check it for the generators e i , f i , ω i and ω
So f λ ∈ Im(β).
Replacing x with S(x) in the above identity and noticing that ε • S = ε, we can get xf λ = (ι • ε)(x)f λ . Indeed, we have
Because β is injective, ad(S(x))β
replacing x with S −1 (x) in the above formula, we get ad(x)β −1 (f λ ) = (ι • ε)(x)β −1 (f λ ), for all x ∈ U.
By Lemma 5.1, β −1 (f λ ) ∈ Z(U ). Here z λ,ν ∈ U −ν (n − )U 0 U ν (n + ) and θ η,φ ∈ K.
On the other hand,
It can be rewritten as 
We only need to prove (U 
